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ABSTRACT: The impedance of diffusion is an important tool to investigate
a wide variety of systems, including electrochemical devices such as Li-ion
batteries, porous electrodes, and solar cells. The classical impedance model for
diffusion in a thin layer with a blocking boundary contains two separate
regimes: Warburg diffusion at high frequency and capacitive charging at low
frequency. Here, we provide a physical criterion for the transition between
these two regimes, as the point of closest approach between early- and late-
time approximations of the exact diffusion current. The resulting frequency is
(π2/2)ωd with respect to the natural frequency ωd = Dn/L

2, with Dn being the
diffusion constant and L being the thickness of the layer.

1. INTRODUCTION

Models for the impedance of spatially restricted diffusion are
used to understand a large variety of technologies. Estimating
the diffusion resistance and coefficient plays a vital role in the
understanding and diagnostics of porous electrodes.1−4 Earlier
studies have used transmission line modeling based on
impedance analysis for understanding electrode reaction
kinetics and diffusion with temperature.5−11 Another method
is based on galvanostatic intermittent titration technique
(GITT) experimental analysis.12 Likewise, the impedance of
diffusion-recombination, often determined by transmission line
models, is widely used to understand the charging in
semiconductor devices, solar cells,13−15 and porous electrodes.
The identification of characteristic frequencies of the impedance
of electrochemical systems using both responses in the
frequency and time domains has been treated extensively.16,17

In particular, the identification of the frequency that marks the
transition between diffusion in infinite space and capacitive
charging of a film is an important problem that has been treated
for decades.6,13,15,18,19 Here, we provide a physical criterion to
establish the frequency of transition in relation to the thin-film
parameters.

2. RESTRICTED DIFFUSION IMPEDANCE

In diffusion in a thin layer in one dimension, charge carriers with
concentration n(x, t) are injected at x = 0 by an applied voltage
V(t) and travel by diffusion up to a boundary at x = L. The carrier
flux Jn(x, t) is defined by the concentration and average velocity
νn of the particles as

=J nvn n (1)

The flux is related to the gradient of the concentration by

= − ∂
∂

J D
n
xn n (2)

where Dn is the diffusion constant of the charge carriers. The
conservation equation is

∂
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= −
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∂

n
t
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(3)

Combining the last two equations, we obtain
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∂

= ∂
∂
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2

2 (4)

We consider a blocking boundary condition Jn(L, t) = 0, so that
diffusing particles are reflected at x = L. This choice yields a
Neumann boundary condition on the carrier density n(x, t)

∂
∂

=n
x

L t( , ) 0
(5)

The impedance as a function of the angular frequency ω is
obtained by assuming n(x, t) to be of the form n(x, t) = n0 + ñ(x,
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ω)eiωt, with ñ(x, ω) being a small perturbation around the
background density n0. In this case, eq 4 reduces to13,15

ω ̃ =
∂ ̃
∂

i n D
n

xn

2

2 (6)

The solution to eq 6 subject to eq 5 can be expressed as

ω ω̃ = ̃
λ ω

λ ω

−( )
( )

n x n( , ) (0, )
Cosh

Cosh

x L

L

( )

( ) (7)

where ñ(0,ω) represents the carrier density at the contact at x =
0, and where λ is the penetration length defined as
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Importantly, the penetration length reaches the system size

λ ω| | = L( )d (9)

when the driving frequency equals the characteristic frequency
ωd for diffusion across the layer

ω =
D
L

n
d 2 (10)

We rewrite the penetration length in terms of ωd as

λ ω
ω

= L
z

( )
( ) (11)

where
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In Figure 1, we plot the distribution of carriers in the ac
perturbation at different angular frequencies. For ω/ωd = 100,

we observe that perturbations in ñ(x, ω) do not reach the
boundary at x = L. Conversely, at ω/ωd = 0.1, the film is filled
homogeneously with carriers. Note that the shown concen-
tration will be oscillating with time as eiωt.
The carrier density ñ(0,ω) at the contact at x = 0 is a function

of the applied voltage by some function n(V) that depends on
the film material properties. For the small perturbation applied
voltage, we obtain the relationship
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For a more compact expression, we relate the derivative in eq 13
to the chemical capacitance20 (or intercalation capacitance,8 in
the case of Li-ion batteries) of the film Cμ, defined as

=μC qL
n
V

d
d (14)

where q is the elementary charge. Then, we have the relation
between ac applied potential and ac concentration at the
injection boundary in the following form

ω ω̃ = ̃
μ

V
qL
C

n( ) (0, )
(15)

We can now determine the impedance

=
̃
̃Z

V
je (16)

where jẽ(ω) = qJñ(0,ω) is the electrical current. With the carrier
density ñ(x, ω) from eq 7 and the flux from eq 2, we find

ω
ω

ω= [ ]Z
R

z
z( )

( )
Cotanh ( )d

(17)

where the diffusion resistance Rd is given by

ω
=

μ
R

C
1

d
d (18)

The impedance in eq 17 is shown in Figure 2 in the complex
plane plot. Equation 17 can also be derived from a transmission

line model, as shown in Figure 3.13 The graph in Figure 2 shows

two distinct domains of behavior. At high frequency,ω≫ωd, we

have the Warburg impedance

Figure 1. Plot of the real part of the carrier density n̂(x, ω) [eq 7] at
different values of ω/ωd as indicated. Figure 2. Spatially restricted diffusion impedance with blocking

boundary [eq 17]. The square point indicates the angular frequency
ωg = ωd and the circle point is for ωg = (π2/2)ωd.
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It has an inclination of 45° in the complex plot. In this domain,
the injected charge only penetrates the film to a limited extent,
|λ(ω)| < L, as shown in Figure 1.
At low frequency, ω ≪ ωd, eq 17 traces a vertical line that is

approximated by the expression

ω
ω

= +
μ

Z R
i C

( )
1
3

1
d

(20)

The total resistance of the transmission line is reduced by a
factor of 1/3. Here, |λ(ω)| > L, the concentration is
homogeneous, and the oscillations of injected charge simply
charge and discharge the chemical capacitor. It is important to
remark that the chemical capacitance is distributed over the
whole length, as shown in the transmission line model. The
vertical line in Figure 2 does not correspond to the final
boundary. If a surface capacitance at the final boundary exists, it
needs to be added as another element, as indicated in Figure 3a
by a gray element and described in the literature.2,21

3. FREQUENCY OF TURNOVER

In between the impedance lines at 45° and 90°, there is a
turnover region or “ankle” that corresponds to the arrival of the
ac signal to the boundary of the space, as |λ(ω)| grows as the
frequency decreases. In impedance spectroscopy studies, the
frequency ωg (g stands for graphical) at which this turnover
takes place is normally identified with ωd [eq 10], the frequency
of diffusion across the layer. This frequency is then used to
experimentally determine the diffusion coefficient, by fitting the
measured turnover frequencies with respect to 1/L2 in a series of
samples of different thicknesses.22 Yet, if we plot the naturally
defined valueωd in Figure 2 (square point), we obtain that it lies
very far away from the ankle. Hence, experimental determi-
nation of Dn based on identifying ωd as the frequency of the
ankle will seriously underestimate the value of Dn.

Over the years, different criteria for the frequency of turnover
have been suggested.6,13,15,18,19 Armstrong18 proposedωg = 5.12
ωd and Cabanel et al.6 used ωg = 3.88 ωd. These criteria were
developed from the geometrical properties of the impedance
Z(ω), e.g., by taking a specific value of the derivative of theZ-line
in the complex plane. In the description of the diffusion-
recombination impedances calculated by Bisquert, ωg = 2πωd =
6.28 ωd was taken,13,15 which was also an arbitrary value.
Notably, all of the suggested points locate the transition at a
frequency that is above ωd by a factor of about 5, but none of
them has been adopted generally since they lack a physical
interpretation.
Here, we aim to establish a physical criterion for the location

of ωg that we can take as a suitable boundary between the two
limiting ω/ωd behaviors. We note from the outset that the
definition is arbitrary to some extent. The transition region is a
curved graph, and there is no single instant that we can point out
as the boundary. Yet, there must be some physical reason for the
ankle being located around the frequency at which it appears.
Given the definition Z(ω) = Ṽ/jẽ, a transition of Z(ω) in the

frequency domain can be expected to be related to a transition of
je(t) in the time domain. Accordingly, to study Jn(x, t) in the time
domain, we consider the same diffusion eq 4 with the blocking
boundary condition eq 5, but now subject to a step n(0, t) = n0
and for the initial condition n(x, 0) = 0. This set of equations is
equivalent to a heat diffusion problem discussed by Carslaw and
Jaeger,23 eq 6 on p. 313 (albeit for flipped boundary conditions).
Replacing x → L − x in their solution, we readily find
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where βm = π(m − 1/2) with m = 1, 2, ... Hence, the carrier flux
measured at the injection point follows with eq 2 as
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At late times t > L2/Dn, only the m = 1 term in the above sum
contributes substantially, and Jn(0, t) is decently approximated
by
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Conversely, at early times, diffusion is hardly affected by the
blocking boundary at x = L, and we may solve eq 4 in a semi-
infinite geometry x∈ [0,∞) instead, yielding (ref 24, eq 3.14 on
p. 167)

i

k
jjjjj

y

{
zzzzz=n x t n

x
D t

( , ) Erfc
4 n

0
(24)

For this early-time response, corresponding to spatially
unrestricted diffusion, the flux at the injection point reads

πω
=J t

n D
L t

(0, )
1

n
n0

d (25)

In Figure 4a, we plot the full solution of the carrier flux in eq
22 as well as the short- and long-time approximations. We see
that for long times the full solution is decently approximated by
eq 23, while for early times eq 22 is well approximated by eq 25.
We can determine the time tg for which eqs 23 and 25 approach

Figure 3. (a) Transmission line for diffusion in a thin layer with a
distributed chemical capacitance cμ and diffusion resistance rd. The
suggested element at x = L is the specific impedance of the final
boundary. For blocked diffusion, it is an open circuit; for an absorbing
boundary, it is a short-circuit. The perturbation of voltage is imposed at
the left electrode. (b) Transmission line model for a porous electrode
filled with electrolyte with a distributed double-layer capacitance cdl and
transport resistance rt.
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each other the closest, by setting the time derivative of the
difference between those equations to zero
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which yields the transcendental equation
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Equation 27 is solved by tg = 0.209424 ωd
−1, which is very

close to (but not exactly) 2/π2 = 0.20264. The closest approach
at this point is illustrated in Figure 4b by a dashed vertical line.
We interpret this time scale tg to be the time that marks the
transition between the two separate behaviors, semi-infinite
diffusion and charge accumulation, in the impedance spectra.
Therefore, we suggest defining the turnover frequency by

ω π ω ω= =
2

4.935g

2

d d (28)

This ωg is plotted with a red circle in Figure 2. This circle marks
the turnover very well, as expected, and contains a clear physical
criterion for the representation of diffusion impedances.
Furthermore, applying the factor in eq 28 allows for the direct
identification of the diffusion coefficient from the frequency of
the ankle from impedance spectroscopy measurements.

4. CONCLUSIONS
In summary, the frequency of turnover in the restricted diffusion
impedance contains important information. It relates to the
diffusion coefficient and film thickness. One way to obtain these
parameters is by a least-square fit of the full analytical impedance
function to experimental data over a large frequency range.

However, it is also useful to have a clear idea of the relation of the
turnover to the characteristic frequency of diffusion, which
enables one to obtain the same parameters by direct inspection.
Another reason for clarifying the interpretation of the turnover is
to compare diffusional systems that have different characteristic
frequencies. We established a clear criterion for the
interpretation of the ankle. Our method required analyzing the
transient diffusion flux at short and long times separately and
determining the time at which they approached each other the
closest. For the frequency of turnover, we proposed the
corresponding frequency (π2/2)ωd, which serves as a robust
criterion for the interpretation of the different parts of the
diffusion impedance.
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