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ABSTRACT: The main electronic feature of many nanocrystalline semiconductors and
organic materials is the presence of a distribution of localized states in the system with a
broad energy dispersion. Carrier transport and recombination in these energetically
disordered systems have raised increasing attention, in relation to applications in novel
optoelectronic devices. We provide a general view of the physical interpretation of carrier
transport coefficients (diffusion coefficient and mobility) and recombination lifetime in the
presence of the localized states. We aim to carefully distinguish between the quantities that
appear in the continuity equation for a small perturbation of the charge carriers (collective
diffusion coefficient and lifetime) and those that are related to the behavior of the
individual carriers (single-particle quantities). As an important example, charge-carrier
transport and recombination in the case of multiple trapping model will be discussed in
detail, for both exponential and Gaussian distributions. We address important aspects of
the interpretation of lifetime and charge-transfer rates related to recombination in
nanostructured organic and hybrid solar cells. Finally, to clarify different definitions for diffusion coefficient and lifetime, we use
Monte Carlo simulation to calculate the diffusion coefficient, the mobility, and the lifetime (for both linear and nonlinear
recombination) in the Gaussian DOS. We also justify the validity of the generalized Einstein relation in the case of a non-
Boltzmann distribution of the carriers. Definitions and calculations provided in this paper have important consequences for both
the interpretation of measurements and the calculation with advanced transport and recombination models.

1. INTRODUCTION

Organic semiconductors, conductive small molecules, and
nanostructured metal-oxide semiconductors are new classes of
disordered materials that have received considerable interest
from science and technology in recent years. Optoelectronic
devices such as dye-sensitized solar cells (DSCs),1 organic solar
cells,2 and organic light-emitting diodes (OLEDs)3 are
examples showing the wide applications of these materials.
Inherent morphological and structural disorder of these
materials leads to energetically disordered systems. The
fundamental feature of such systems is that, aside from (or,
instead of) extended states, there is a distribution of localized
states in the material in contrast with crystalline semi-
conductors.
Transport and recombination of charge carriers in the

presence of localized states with an intrinsic energy disorder4,5

is the main subject of this paper. New physical insights into the
interpretation of the experimental observations for transport
coefficients have recently been provided for nanocrystalline
semiconductors and organic materials.6 Because of the
complexity of phenomena in such systems, a detailed
understanding of the mechanism of charge transport and
recombination in disordered materials is still an active field of

research (especially in the case of organic polymers). For the
same reason, interpretation of the measured quantities has
remained an important problem that needs a deeper
investigation.7,8 Section 2 is devoted to carefully defining the
various quantities that characterize transport and recombination
of the charge carriers in the materials with distribution of
localized states. These definitions are valid for both organic and
inorganic materials, irrespective of the underlying mechanism of
transport and recombination.
When there is a broad distribution of localized states in the

material, most charge carriers injected into the system are
permanently localized. Two main approaches have been used to
explain charge-carrier transport in this situation. The first is the
multiple trapping (MT) model. In this model, transport occurs
by carrier jumps to a band of extended states (above the
mobility edge) wherein carriers are free to move. MT has been
a successful model to explain the transport properties in the
metal-oxide semiconductors used in DSCs.9 In Sections 3.1 and
3.2 we will focus on this model and discuss general features of
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the transport and recombination. The second approach is the
hopping transport model.10 Unlike the MT model, in which
transport occurs by thermal activation of the localized carriers
to extended states, in the case of hopping transport, direct
transition between localized states takes place. This transition
occurs via a combination of thermal activation and quantum
mechanical tunneling. The hopping model is widely used to
describe the transport properties in the organic semiconductors
wherein there is not any extended state in the system. However,
in some situations, especially when the carriers are situated
deep energetically in the tail of the energy distribution, hopping
transport leads to the same behavior of the transport
coefficients as that predicted by the MT model. In fact, it has
been shown that in the hopping transport there is a particular
level, called transport energy, that determines the dominant
hopping events. This level plays the same role as the mobility
edge in the MT model. (See refs 11−15.) We briefly discuss
this issue in Section 3.
Apart from the somewhat different mechanism of carrier

transport between nanostructured metal oxides and organic
semiconductors, the form of the density of states (DOS) is also
different between these two classes of materials. The common
exponential DOS below the conduction band that merges with
the extended states is usually seen in the metal-oxide
semiconductors, for example, TiO2

16,17 or ZnO18,19 nanostruc-
tures in DSCs. The Gaussian DOS is usually observed in
conductive polymers.20 In Sections 3.3 and 3.4 we will
investigate MT transport and recombination in both of these
distributions.
Monte Carlo simulation (also called random walk numerical

simulation) is a natural way to investigate the electronic process
in disordered systems that we are interested in.21−23 In fact, the
nature of the transport and the recombination in disordered
materials is quite stochastic, so that the use of the Monte Carlo
method is especially well-suited to study the behavior of these
systems from “first-principles” with a reasonable numerical
demand. As we aim to describe the system based on
microscopic assumptions before the simulation, one has to
decide about the model of transport and recombination. At the
next step, Monte Carlo methods can be used to simulate the
transport and the recombination processes and then test if the
microscopic models used are capable of reproducing the
experimental behavior. In Section 3.4, using this powerful tool,
we test the general definitions of Section 2 for the transport and
recombination in the case of the Gaussian DOS. In addition to
the energetics, morphology of the semiconductor material is
also a determining factor in the behavior of the system. Monte
Carlo method is also useful to investigate the morphological
disorder; however, it is not the purpose of the present paper to
consider this kind of disorder. We refer the reader to several
papers in this subject that cover different aspects of this
problem in the field of DSCs.24−27

Of great importance in semiconductors is the connection
between the diffusion and drift coefficients. Diffusion-to-
mobility ratio, in its classical form, is known as Einstein
relation. Although it was known28−32 that this classical
statement has limitations and holds only under Boltzmann
statistics (see Section 2.2), it was in the field of disordered
materials that the deviation from the classical form attracted
much attention.33−35 Description of this deviation, known as
generalized Einstein relation, was first applied by Roichman and
Tessler in disordered organic conductors.36 However, it has
recently been argued that under quasiequilibrium conditions

classical Einstein relation is always fulfilled in disordered
organic semiconductors.37 In Section 3.4, using Monte Carlo
simulation, we will show that in the presence of the localized
states, as long as the distribution of the carrier deviates from the
Boltzmann statistics, it is the generalized Einstein relation that
gives the correct value for diffusion-to-mobility ratio in the
equilibrium conditions.

2. TRANSPORT COEFFICIENTS AND LIFETIME
In this section we briefly discuss transport and recombination
in the disordered electronic systems. We do not limit ourselves
to a particular mechanism for the transport or recombination.
Instead, we propose some general definitions for both the
transport coefficient and the recombination lifetime. The main
message of our discussion will be the difference between the
jump quantities and the collective quantities. The former are
the quantities that describe the motion of the individual carriers
and can directly be probed in the stochastic simulation. The
latter are the parameters that appear in measurements based on
a small perturbation of carrier population and correspond to
the natural kinetic coefficients in the continuity equation for
density of carriers often used to model systems and devices.

2.1. Quasiequilibrium Condition and the Small
Perturbation Idea. Consider a system of electronic species
with density n. Assuming a DOS function, g(E), the carrier
density is given by (note that here g(E) is the total DOS,
including both the localized and the extended states)

∫= −n g E f E E( ) ( ) dEF (1)

where f (E − EF) is the Fermi−Dirac distribution function

− =
+ −( )

f E E( )
1

1 exp E E
k T

F
F

B (2)

where kB is Boltzmann’s constant and T is the absolute
temperature. EF is the electrochemical potential (or Fermi
level) of the carriers and is composed of two parts: the electric
potential −qφ and the chemical potential μ38

φ μ= − +E qF (3)

where q is the positive elementary charge.
Equation 1 in fact assumes that the system is under

equilibrium, or at least, quasiequilibrium conditions. Here
equilibrium means that the carriers in all states of the
distribution are thermalized to a steady-state Fermi level.
Now, suppose that we want to measure some kinetic properties
of the system, for example, transport coefficient or lifetime of
the carriers. This necessarily requires us to monitor the
evolution of a modification of the system. The way to do this is
to perturb the equilibrium state by injecting some excess
carriers into the system and then measuring the transit time for
recovery of the initial equilibrium state or, alternatively, to
determine the response to a periodic perturbation of some
quantity. Although there is not a steady-state Fermi level during
the transit time or oscillation measurements, we assume that
there is still a well-def ined stationary Fermi level in the system,
which is time-independent, with respect to the monitored
kinetics. This is the quasiequilibrium approximation that allows
us to measure specific kinetic coefficients because the
coefficient can be attributed to the specific state fixed by the
given stationary Fermi level. In practice a small voltage
modulation as in impedance spectroscopy or a time-dependent
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light intensity perturbation as in time-transient spectroscopies
can be neatly separated from the system’s steady state that
determined the constant Fermi level. Additionally, we consider
only homogeneous conditions in which the Fermi level does
not depend on the position. (Such a situation can readily be
established in solar cells at open circuit.)
As will be discussed in the following sections, in disordered

materials, both the transport coefficient and the lifetime are
strong functions of the carrier density. Therefore, the system
should only slightly be perturbed from the equilibrium state (i)
to stay near the equilibrium concentration and (ii) to obtain a
meaningful value of the transport coefficient and the lifetime.
Therefore, we usually employ the term “small perturbation” for
the transport coefficient or lifetime to emphasize that they are
(should be) measured by small perturbation techniques. In fact
the small perturbation idea reduces the complicated continuity
equation for total carriers to a simple continuity equation for
the excess carriers. This, in turn, simplifies the interpretation of
the experimental results. Small perturbation techniques are
widely used in the field of DSCs. (For recent reviews, see refs
39 and 40.)
In summary, the quasiequilibrium measurement or simu-

lation makes reference to a well-defined stationary Fermi level
during kinetic evolution. In contrast, quasistatic condition,
further discussed below, means that all electronic states in the
distribution have a common Fermi level due to fast
equilibration between the different types of states.
2.2. Transport Coefficients. From the macroscopic point

of view, and in the absence of a temperature gradient, the
driving force for an electronic species is given by the gradient of
its electrochemical potential. On the basis of the Onsager
reciprocity theorem, and in the linear approximation, the carrier
flux and the driving force are proportional, as41

= −
∂
∂

J
nu

q
E
xn

n F

(4)

where un is a phenomenological coefficient called mobility (x is
an arbitrary space coordinate). The mobility can be defined on
the basis of the difference of effective charge carrier jump
probability in the direction along and against the electric field.
(See Section 3.4.)
As discussed above, for a system of weakly interacting

particles, the electrochemical potential in eq 4 is the sum of the
electric potential and the chemical potential. In the absence of
an electric potential gradient and when the chemical potential is
nonuniform, we have a pure dif fusion current

μ= − ∂
∂

J
nu

q xn
n

(5)

Diffusion is also formulated in terms of the concentration
gradient in Fick’s form

= − ∂
∂

J D
n
xn n (6)

The coefficient Dn in eq 6 is called the chemical or collective
diffusion coefficient. In measurements of diffusion in devices
and materials, a small gradient of the concentration is induced
and the correspondent flux is determined,42 which leads to the
measurement of the chemical diffusion coefficient. Now, if we
compare eq 5 with eq 6, we will find the so-called generalized
Einstein relation

χ=
D
u

k T
q

n

n
n

B

(7)

where χn is called the thermodynamic factor and is defined as

χ μ= ∂
∂

n
k T nn

B (8)

We note that f(E − EF) reduces to the Boltzmann distribution,
exp((EF − E)/kBT), when E − EF ≫ kBT. With the Boltzmann
distribution, irrespective of the form of DOS in eq 1, n depends
exponentially on μ/kBT, and as a result we will have χn =1. In
this case, we obtain the classical Einstein relation, that is

=
D
u

k T
q

n

n

B

(9)

However, it is easy to show that, in general χn ≥ 1. The
thermodynamic factor contains the effect of the interactions
among the carriers, which cause χn > 1. (See refs 6 and 43 for
several examples and also Figure 3.) It is useful to make
connections with important quantities in general physical
chemistry. As a matter of fact, the thermodynamic factor is
related to the activity coef f icient γ of carriers, defined via a = γn
and μ = μideal + kBT ln a, where a is the activity.44 It can be
shown easily that χn =1 + d ln(γ)/d ln(n).45 An ideal,
noninteracting system, characterized by γ = 1, or an activity
coefficient independent of density leads to χn =1. This is the
analogous situation to the case in which n depends
exponentially on μ/kBT, as mentioned above.
The thermodynamic nature of Dn makes it necessary to relate

it to individual properties of the carriers. To this end, let us first
introduce the jump diffusion coefficient for a d-dimensional
space as

∑= Δ
=

D
dt N

r
1

2
1

( )
i

N

iJ
1

2

(10)

Here Δri is the displacement of the ith particle at time t and ⟨⟩
denotes a statistical average. More precisely, the jump diffusion
coefficient defined by eq 10 reflects a random walk of the center
of mass of N particles. The relation between the jump and the
chemical diffusion coefficient is given by46,47

χ=D Dn n J (11)

Now, using eqs 7 and 11, for the generalized Einstein relation
we can get48

=
D

u
k T

qn

J B

(12)

Equation 12 is generally valid under quasiequilibrium conditions
and has the form of the classical Einstein relationship eq 9.
However, DJ is not the coefficient appearing in Fick’s law, eq 6.
The difference between jump and kinetic diffusion coefficient
has clearly been demonstrated in the work by van de Lagemaat
et al.49

If we can follow the diffusive motion of each individual
particle, the so-called tracer (or single-particle) diffusion
coefficient will be a relevant parameter, defined as46,47

∑* = ⟨ Δ ⟩
=

D
dNt

r
1

2
( )

i

N

i
1

2

(13)
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In fact, in the numerical evaluation of diffusion coefficients, for
example, through the Monte Carlo or molecular dynamics
simulations, it is D* that is usually computed. If, on average,
there are no cross correlations between displacements Δri (t) of
different particles at different times, then D* and DJ become
equivalent.43,47 In the following, we will assume that the jump
and the single-particle coefficients are the same. This condition
is obtained if carriers do not interact significantly with each
other, which is a reasonable assumption for the systems of
interest here.
As previously mentioned, in the experimental methods

usually a gradient of the concentration is established, and thus
the quantity that is usually measured in the experiment is Dn
and not DJ. However, eq 12 suggests that, by measuring the
mobility, one can directly achieve the jump diffusion coefficient
DJ.
2.3. General Definitions for Lifetime. We now consider

the recombination of carriers. Traditional recombination
addresses the process of annihilation of electrons and holes
in a single material. In disordered and multiple-phase
nanostructured materials, it is usual to have a prior process of
charge separation so that electrons reside in one medium and
holes reside in another. In this type of situation the overall
recombination process consists of the interfacial charge transfer
of an electron in the electron-transport medium to an electron-
acceptor in the hole-transport medium. This is the type of
process that we consider in the following discussion.
By analogy to the diffusion problem, one should distinguish

between the jump (or single-particle) and small perturbation
(or collective) lifetimes. The former, τJ, is the survival time of
the carriers and can be computed by averaging over the survival
times of single particles in diffusion−recombination simu-
lations.50−52 We use the term jump for this quantity, just
because, as we will see below, τJ is the analogous quantity to the
diffusion coefficient DJ. The latter, τn, is the time that appears in
the continuity equation for a small perturbation of carriers and
is of great importance in nanostructured solar cells.53 τn is
usually obtained by making a small step of excess carriers in the
sample and then measuring the “time” for recovery.54−56 Here
we show that for an arbitrary recombination rate one needs two
factors to link τn to τJ: the classical thermodynamic factor, χn,
and a recombination factor. χr, defined here for the first time by
analogy to χn.
In principle, one could measure a large decay of an injected

population of electrons, but as mentioned above, here we are
concerned only with methods in which kinetic quantities can be
associated with a stable local Fermi level in quasiequilibrium,
which makes it necessary to use the small perturbation
techniques as discussed elsewhere.8,53 Let us consider the
continuity equation in a spatially homogeneous Fermi level and
in the absence of a generation term

= −n
t

U n
d
d

( )
(14)

where U(n) is the total recombination rate per unit volume.
Here, by recombination we mean the carrier transfer from the
nanostructured electron-transport medium to the hole-trans-
port material. U(n) is, in general, a complicated function of the
carrier density n. Therefore, solution of eq 14 does not yield an
exponential decay. However, it is easy to show that a small
perturbation of the population with respect to the average
value, δn ≪ n ̅, will decay exponentially with characteristic time
of

τ = ∂
∂

−

−
⎜ ⎟⎛
⎝

⎞
⎠

U
nn

n

1

(15)

τn is called the small perturbation lifetime and is experimentally
accessible by many techniques, as widely used in the field of
DSCs.39

Now, we introduce the jump or single-particle lifetime τJ to
differentiate it from the small perturbation lifetime, τn. As a
definition, τJ is the average of the survival time of the carriers

τ = ⟨ ⟩tJ (16)

Therefore, τJ is the time it takes for the individual particles to
recombine. So, to find τJ, we have to monitor the
recombination time of the individual particles. If we assume
that the recombination is slow enough, like the case of DSCs,
then it can be shown that the above equation can be written as

τ = n
UJ (17)

Equation 17 suggests that τJ can be measured if one can
determine the total charge participating in recombination as
well as the total recombination flux at a given position of the
Fermi level. A discussion of the conditions to perform such
measurement lies beyond the scope of this paper. A rigorous
but rather long derivation of eq 17 will be presented in a
separate work. However, we note that this equation has a
simple physical meaning. Assuming that there are N carriers in
a system with volume V, 1/VU will be the average time that the
first carrier recombines. Because we have N carriers, N/VU is
the average time that a carrier survives before it recombines.
Hence we come to τJ = n/U. This equivalence between eqs 16
and 17 has also been demonstrated by Monte Carlo simulation
in ref 50 by comparing the lifetime obtained from the averaging
of the survival times in steady-state simulations and the lifetime
extracted from the decay of a population of carriers in the limit
of small perturbations.
To find the relation between τJ and τn, by analogy to eq 8 for

the thermodynamic factor, we define the recombination factor,
χr, as

χ μ= ∂
∂

U
k T Ur

B (18)

χr is indicative of the recombination mechanism in the system.
Identical to χn, if the recombination rate depends exponentially
on μ/kBT, one has χr =1. We use the term linear recombination
in the case that χr =1. In the field of DSCs, “linear
recombination” is used for situations in which the recombina-
tion rate is proportional to the carrier density in the conduction
band, nc. Because nc is given by the Boltzmann statistics, it is
easy to show that χr =1 is fulfilled in this case. Now, one can
obtain the following general relation between lifetimes τJ and τn

τ
χ
χ

τ=n
n

r
J

(19)

For Boltzmann statistics and linear recombination, we have χn =
1 and χr = 1, respectively; therefore, there is no difference
between the small perturbation and jump lifetime. However,
these conditions are not usually met in the materials with
distributions of localized states. As previously discussed, both
site-saturation effects and interactions cause a variation of χn. In
addition, the factor χr is usually larger than 1 for both inorganic
and organic solar cells.57−59
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Table 1 shows the general definitions for the small
perturbation and jump quantities. In this section, we tried to
characterize the transport and recombination of the carriers in
the system. However, we did not discuss the nature of transport
and recombination. In the following section, we will adopt the
MT model and specific types of charge transfer rate
dependence on carrier density. Table 1 also shows the various
quantities in the context of this specific model, as will be
discussed in the next section.

3. MULTIPLE TRAPPING MODEL

The mechanism of electronic transport in a material is dictated
by the nature of the electronic states: their energies and spatial
locations and extensions. In general, three models can be
considered to model the transport. In bulk crystalline materials,
which can be characterized by well-defined band structures, the
Boltzmann transport equation usually provides a good
description of the electronic properties of the system.60,61

In the opposite limit, for instance, in semiconducting
polymers and small molecules, because of the absence of the
long-range crystalline order, the situation is different and
electronic states are quite localized.62 We will call these
localized states traps because they effectively act as potential
wells for electrons and holes in the material. In this case, as
discussed in Introduction, the transport occurs by transition
between the traps in the distribution (hopping transport), with
a probability usually given by the Miller−Abrahams jump rate
or by the Marcus transfer rate, depending on whether the
conservation of energy in the charge-transfer event is realized
by a single phonon or by solvent and vibronic reorganization
effects. (For a comprehensive review, see ref 10.)
In inorganic nanocrystalline materials, for example, nano-

structured metal oxides used in DSCs, one has both the
extended states (conduction band states) and the localized
states (trap states in the band gap). In this case, the classical
MT model proved to be capable of describing the behavior of
the transport coefficient observed in the experiment.6,5 MT
model includes two classes of carrier: (i) free or mobile carriers
in the states above the mobility edge, E0, also called conduction
band carriers, and (ii) immobile or trapped carriers in the states
below the mobility edge.
In the hopping transport model, for the exponential DOS4,15

or for carriers situated deep enough energetically in an arbitrary

DOS,12 a particular level, called the transport energy, Etr,
determines the dominant hopping events. The transport energy
essentially reduces the hopping transport to MT, with Etr
playing the role of the mobility edge E0. (See also refs 63
and 6 and references therein). In the following, we use “C”
(conduction) for both the mobility edge and the transport
energy (hence EC stands for either mobility edge, E0, or
transport energy, Etr). We also use subscript “L” to denote
localized states below the transport level.

3.1. Diffusion Coefficients. As discussed above, in the MT
model, we need to distinguish between nc, carrier density in the
transport level, and nL, carrier density in localized states,
defined as

∫= −n g E f E E( ) ( ) dEi i F (20)

where i stands for C or L. Therefore, for the total carrier
density we can write

= +n n nc L (21)

Both nc and nL are functions of Fermi level EF. However, if we
restrict our attention to the domain of potentials in which the
Fermi level remains well below EC, so that we avoid degeneracy
effects, then the carrier density in transport level is well-
described by Boltzmann statistics and therefore

=
−⎛

⎝⎜
⎞
⎠⎟n N

E E
k T

expc c
F C

B (22)

where Nc is the effective density of the transport level states.
When carrier transport is governed by activation to some

type of transport level within a broad distribution of localized
states, a great variation of the diffusion coefficient occurs as the
Fermi level moves in the bandgap because the cost of
promoting a carrier to the transport level is largely modified
according to the occupation of the localized levels. Therefore,
in disordered systems, diffusion coefficients and electron
mobilities are density-dependent, with larger values found
when the electron concentration is increased, either by
illumination or by application of an external voltage. This
situation is observed in both organic64,65 and inorganic
materials.18,66,67

Table 1. Comparison between the Quantities That Appear in the Continuity Equation (Chemical Diffusion Coefficient and
Small Perturbation Lifetime) and the Ones That Are Related to the Individual Carriers (Jump Diffusion Coefficient and
Lifetime)a

quantity definition multiple trapping expression equality

chemical diffusion coefficient = −J Dn n
n
x

d
d = + ∂

∂

−

( )D D1n
n
n

1

0
L

c

Dn = χnDJ

jump diffusion coefficient = ∑ ΔD r( )
dt N i iJ
1

2
1 2

= +
−

( )D D1 n
nJ

1

0
L

c

small perturbation lifetime τ = ∂
∂

−( )n
U
n

1
τ τ= + ∂

∂( )1n
n
n f

L

c
τ τ= χ

χn J
n

r

jump lifetime τ =
−( )U

nJ
1

τ τ= +( )1 n
nJ f

JL

c

free electron lifetime
τ = ∂

∂

−

( )U
nf

1

c

τ χ τ=f r f
J

jump free electron lifetime
τ =

−

( )U
nf

J
1

c

aIn addition to the general definition for each quantity, the specific multiple trapping expressions are also shown in the Table. The last column shows
the generally valid relationship between the parameters.
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On the basis of the quasistatic approximation, Bisquert and
Vikhrenko showed that, in the context of the MT model, the
chemical diffusion coefficient has the general form7

= +
∂
∂

−⎛
⎝⎜

⎞
⎠⎟D

n
n

D1n
L

c

1

0
(23)

where D0 is diffusion coefficient of the carriers in the transport
level (in the absence of the trap states) and called the free-
electron diffusion coefficient. The quasistatic approximation
assumes that trapping and detrapping are fast processes, in
comparison with the time scale in which the experimental
measurement is carried out.7 Note that in the MT model the
diffusion coefficient consists of two parts. The first is the
trapping−detrapping factor, (1 + ∂nL/∂nc) that relates to the
equilibration of trapped and free electrons when the small
perturbation of the density occurs. The second is the free-
electron diffusion coefficient, D0.
There is a simple but powerful derivation of eq 23. We note

that the principle of detailed balance links the kinetic constants
for trapping and detrapping to the equilibrium occupancies nc
and nL. Therefore, electron-trapping kinetics can be readily
described in terms of the electron densities in transport and
trap states as6

=
+

D

D
n

n n
J

0

c

c L (24)

Combining eq 24 and the relation Dn = χnDJ, we arrive to eq 23.
Equation 23 is very well-known in the field of DSCs and used
routinely in the literature. In Section 3.4 we will return to the
problem of MT transport. Using Monte Carlo simulation it will
be shown that what one really obtains using the random-walk
simulation, is DJ and not Dn, with Dn and DJ given by eq 23 and
24, respectively.
3.2. Recombination and Lifetime. Using the definition of

small perturbation lifetime, eq 15, for τn, we find53

τ τ= +
∂
∂

⎛
⎝⎜

⎞
⎠⎟

n
n

1n
L

c
f

(25)

Similar to D0 in eq 23, τf is called the free-electron lifetime and
is defined as

τ = ∂
∂

−⎛
⎝⎜

⎞
⎠⎟

U
nf

c

1

(26)

The partition of the lifetime in eq 25 indicates that the lifetime
dependence on the Fermi level is governed by two different
effects. The first, similar to the diffusion coefficient, eq 23, is the
trapping−detrapping factor. The second is the charge-transfer
rate across the interface and is described by τf.

53 The similar
structure of eq 23 and eq 26, for the diffusion coefficient and
lifetime, respectively, will be discussed in more detail in Section
3.5. However, we emphasize that unlike D0, τf can be variable
with Fermi level position if the electrons in the trap states
contribute to the recombination (see later.)
For the jump lifetime, we can simply use eq 17 and write it in

the form

τ τ= +
⎛
⎝⎜

⎞
⎠⎟

n
n

1J
L

c
f
J

(27)

where, by analogy to τf we have defined the jump free electron
lifetime, τf

J,as

τ ≡ U
nf

J

c (28)

Equation 27 is very suitable if we want to compare τJ and τn and
if we want to see the equivalence between the diffusion
coefficient and the lifetime in the MT model, as we have shown
in Table 1. The physical difference between the jump and small
perturbation lifetime in the context of the MT model is also
shown in Figure 1. As indicated in this Figure, τJ is related to

trapping−detrapping of the individual particles in the system. τn
is the time for the recovery of the total equilibrium density,
after perturbing the system by a small amount δ. A small
perturbation guarantees an exponential decay of δ. Note that τn
can only be defined for a quasiequilibrium decay process. τJ can
also be defined for equilibrium steady-state conditions.
Using the definition of the recombination factor χr in eq 18,

we can find the following relation between the free and the
jump free lifetime

τ χ τ= J
f r f (29)

χr is determined by the recombination rate, U. When only the
electrons in transport level participate in the recombination, we
will have U ∝ nc. In this case, as previously discussed, χr =1
(linear recombination regime). Therefore τf and τf

J become
equal and independent of the Fermi level. However, for
example, in DSCs, electrons in the surface traps of the
nanoparticles can directly recombine with the oxidized ions in
the electrolyte, leading to a nonlinear dependence of U on nc
as8

= βU k n( )r c (30)

Figure 1. Difference between the jump and small perturbation lifetime.
(a) τJ is survival time of the carrier moving in a well-defined Fermi
level. The carrier can recombine in the surface. Trapping−detrapping
time and also the recombination rate at the surface determine the
jump lifetime. (b) τn is related to the recovery time of the system after
being perturbed by a small amount of δ. This small perturbation
always decays exponentially, leading to a well-defined characteristic
response time, that is, τn.
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where β is the reaction order with respect to the carriers in the
transport level and kr is a constant. In the experiments, β is
usually found in the range between 0.5 and 1. (In nano-
structured quantum-dot-sensitized solar cells, β can be smaller
than 0.5.) On the basis of this discussion, it is obvious that a
more fundamental way to write the nonlinear recombination
rate eq 30 is

= +U U Uc L
ss

(31)

where Uc and UL
ss are the recombination rate from the transport

level and localized surface trap states, respectively. From the
microscopic point of view, UC and UL

ss can be expressed as68

=U K E n( )c c c (32)

∫= −U K E g E f E E( ) ( ) ( ) dEL
ss

L F (33)

where K(E) is the rate of charge transfer from the states with
energy E. The exact form of K(E) depends on the nature of the
charge transfer. (In DSCs, usually Marcus rate of charge
transfer is assumed in the literature.26,51,68,69)
By comparing eq 30 with eq 31, it was recently shown that

the reaction order can be expressed as58

β = −
+( )

( )
1

ln 1

ln

U
U

n
N

L
ss

c

C

C (34)

which is always less than one when UL
ss is nonzero. Equation 34

shows that the reaction order, in general, depends on the trap
distribution and mechanism of the charge transfer and therefore
is a function of the carrier concentration.58

Here we expressed the total recombination rate in two forms:
eqs 30 and 31. These equations are appropriate for a system in
which there are two kinds of electronic states, that is, extended
states and localized states. (These different electronic states
usually participate in the recombination with different time
scales, and for this reason we separate their contributions in eq
31.) In the systems in which there are not any extended states
(for example, conducting polymers), recombination rate is
usually written in terms of the total density as nα, where α is the
reaction order with respect to the total density.59 In general,
although the number of carriers is obviously a function of the
specific DOS, the main variable to compare several systems in a
similar state is the Fermi level, which is experimentally given by
the voltage. It should also be remarked that in systems with an
extended state there is a simple correspondence between the
free-carrier density and the voltage, established by eq 22.
Therefore, in stochastic or random walk-simulation we often
prepare a quasiequilibrium state by fixing a Fermi level, which
experimentally is realized by applying a potentiostatic
condition.
3.3. Multiple Trapping in the Exponential DOS. In the

nanostructured metal oxides used in DSCs (and also in organic
molecular crystals70 and semicrystalline polymers71), the
exponential DOS

=
−⎛

⎝⎜
⎞
⎠⎟g E N

E E
k T

( ) expL L
C

B 0 (35)

seems to be able to reproduce the experimental observations.
Here NL is the total trap density and T0 is a parameter with
temperature units that determines the depth of the distribution

below the transport level EC. On the basis of the experimental
evidence, at room temperature, T0/T ≈ 2−5.16,72 The main
features of MT transport model in the exponential DOS are
amply described in recent papers,9,48 and only a summary of the
results is given here.
For the typical values of T0, at low and intermediate Fermi

level, nL ≫ nc. Then

≈n nL (36)

Under the zero-temperature approximation, one can find7

=
−⎛

⎝⎜
⎞
⎠⎟n N

E E
k T

expL L
F C

B 0 (37)

Therefore, the thermodynamic factor in eq 8 is constant for
exponential DOS and given by (for T0/T > 1)9

χ =
T
Tn

0
(38)

Diffusion coefficient and lifetime can also be calculated using nL
in eq 37

= − −
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟
⎤
⎦
⎥⎥D

T N
TN

E E
k T k T

Dexp ( )
1 1

n
0 c

L
F C

B B 0
0

(39)

τ τ= − −
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0 c
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f

(40)

Using the relation between the jump and small perturbation
quantities (Table 1) and χn in eq 38, one can also find DJ and τJ
in the MT model. (For τJ we also need the recombination
factor χr; see below.)
As previously discussed, τf in eq 40 is in general a function of

the Fermi level. Let us consider the recombination rate of eq
30. With β = 1, it will be found, according to eq 18, that χr =1
(linear recombination). However, β < 1 is usually observed in
the experiments. In the DSC literature, a constant reaction
order β is commonly assumed (and observed experimentally)
in the literature. For constant β it can be shown that by
combining eqs 18, 22, and 30 one finds58

χ
β

β= 1
[constant ]r (41)

In this case, for the relation between the jump and small
perturbation lifetime in exponential DOS, we get40,73,74

τ β τ β=
T
T

[constant ]nJ
0

(42)

A constant β implies that χr is also constant. This constant χr is
usually called the ideality factor. However, by exploring the
response of the cell over a wide range of the incident
illumination, experimental57,75 and theoretical58,59 studies have
shown that χr and β are not constant. As explained above, β
increases to unity by increasing the Fermi level. (See also ref
75.) In this case there is not a simple relation between β and χr.
In ref 51, the β coefficient has been extracted from Monte
Carlo simulation of DSCs, from both steady-state and charge
extraction decay “experiments”. The β coefficient is found to
depend indeed on the trap distribution as well as on the relative
alignment of energies between conduction band and the redox
couple potential. In this respect, and in accordance to the
predictions of eq 34, if the transport level is “close” to the redox
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potential (Fermi level close to the transport level), then the β
coefficient is found to approach one.
3.4. Multiple Trapping in a Gaussian DOS: Simulation

Results. In disordered semiconducting polymers used, for
example, in organic solar cells, the best agreement between the
experiment and the theory has been obtained using the
Gaussian DOS20,76

πσ σ
= −

−⎛
⎝⎜

⎞
⎠⎟g

N E E

2
exp

( )
2L

L
2

L0
2

2
(43)

where EL0 is the center of the distribution and σ is the width, on
the order of 0.1 eV. To explore the MT transport, we should
also specify the position of the transport level, EC, above the
Gaussian distribution of localized states (see Figure 2). The

MT model consisting of the Gaussian DOS of eq 43 and a
conduction band level at energy EC has mainly been used in
connection with light-emitting diodes.77 It should also be noted
that as shown in Figure 2 such model is in fact equivalent to the
problem of the MT in a bi-Gaussian DOS,64,76 in which the
upper Gaussian, which plays the role of the transport level, has
a narrow width on the order of kBT.
MT (and also hopping) transport in the Gaussian DOS has

been investigated in detail in ref 6. In general, as explained
before, diffusion coefficient and mobility are increasing
functions of the carrier concentration (or Fermi level). In the
specific case of Gaussian DOS, unlike the exponential one, the
thermodynamic factor χn is not constant. As we will see in the
following, at low and high Fermi level, χn =1. However, at
intermediate Fermi level, χn is (much) larger than unity
(depending on the distance between EC and EL0). In this
intermediate regime, the diffusion coefficient can be expressed
analytically, as6

πσ
σ
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−

−
−⎡
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2
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(44)

Using eqs 23, 25, and 44, we can find a similar relation for the
lifetime, as

τ
πσ σ

τ= −
−

−
−⎡
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2
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(45)

As previously mentioned, the thermodynamic factor in a
Gaussian DOS is more structured than the exponential case.
Therefore, the difference between the jump and the small
perturbation quantities is not just a constant factor. For this
reason, apart from its importance in the organic electronics, the
Gaussian DOS is a good example to verify (i) the generalized
Einstein relation, eq 7, (ii) the difference between Dn and DJ, eq
11, and (iii) the relationship between τn and τJ, eq 19, using
Monte Carlo simulation.
In traditional MT random-walk simulation, one only

considers traps without explicit implementation of the transport
level. However, the transport level is implicitly considered
because the energy of the traps is defined with respect to a zero
of energies (e.g., EC in eq 44). These energies, as well as the
spatial locations of the traps, are fixed before the simulation.
Then, the simulation starts by putting the particles randomly on
the traps and letting them to jump between traps. One can find
the basic features of a Monte Carlo simulation based on the
MT model in ref 23.
In contrast, and to make a quantitative comparison between

the simulation results and the theoretical predictions, we
consider here explicitly both the transport level and the trap
states in the simulations: we run the simulations on a cubic
lattice, with lattice spacing a. The lattice sites have energy EC
with probability of NC/(NC + NL); otherwise, their energy is
taken from the Gaussian DOS eq 43.
At the beginning of our single-particle simulation,26,78 lattice

sites are occupied by the particles, according to the Fermi−
Dirac distribution with an arbitrary Fermi level. Then, we put a
test particle in an unoccupied site at random. At each
simulation step, this particle is allowed to randomly jump to
one of its empty nearest neighbors. Because we are simulating
the MT transport, the time that the particle spends on the site
with energy Ei is given by

ν
=t

X
i

i (46)

where νi = ν0 exp((Ei − EC)/kBT) is the thermal jump rate in
which ν0 is called the attempt-to-jump frequency. X for each
jump is randomly generated with an exponential distribution
with unit expectation value and unit variance. (See ref 46.)
Finally, one can calculate the random walk diffusion coefficient
using eq 13 with N = 1.
Because we also want to justify the validity of generalized

Einstein relation by separate determination of its components,
we also need to calculate the mobility from the Monte Carlo
simulation. A detailed description of such a simulation can be
found in refs 79−81. In summary, suppose that there is an
electric field F in the x direction. This field causes the
probability to jump to the left to be different from that to jump
to the right, and thus each jump is biased. Here we assume that
the ratio between these probabilities is given by the Boltzmann

Figure 2. Multiple trapping transport and recombination in the
Gaussian DOS. Trapping into the localized Gaussian DOS and then
detrapping to the transport level (left) is essentially the same as the
multiple trapping in the bi-Gaussian DOS (right), in which the upper
Gaussian has a narrow wide on the order of thermal energy. For
simulation of the recombination, we consider both the linear and
nonlinear recombination. In the former, recombination occurs only
when electrons are in the transport level. In the latter, recombination is
also possible from trap states.
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factor, exp(qaF/kBT).
81 Finally, after a fixed simulation time, t,

the mobility can be calculated using the following relation

= ⟨ ⟩
u

x
Ft

sim
(47)

Simulation of the recombination process is a more subtle case.
At the first step one should choose the model of charge transfer
(K(E) in eqs 32 and 33). We have recently used the Marcus
rate for charge transfer as the recombination rate in our
simulations51,52

λ

λ
= −

− −⎛
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E E

k T
( ) exp
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4
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2

B
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(48)

where K0, λ, and EF0 are the rate constant for charge transfer,
the reorganization energy, and Fermi level before illumination
(in DSCs, redox potential of the electrolyte), respectively. We
also allow for different rate constants for transfer from the
transport level (KC

0 ) and trap states (KL
0). At the next and more

important step, one should adopt a method to convert the
recombination rate to the Monte Carlo language. Here we have
used the method of ref 52, in which the particle on the site with
energy Ei recombines with probability P = K(Ei) ti, where ti is
given by eq 46. For simulation of the linear recombination, we
allowed the particle to recombine only when its energy was EC.
We used the periodic boundary condition in the simulations;
therefore, there is not a real surface in the simulation, wherein
recombination occurs. However, we can specify some sites on
the lattice as recombination centers50 so that the carrier can
recombine only in these sites. (When the carrier reaches these
sites, it recombines with the probability P = K(Ei)ti.)
We used the following parameters in our simulations: T =

300 K, ν0 = 2 THz, EC = 0, EL0 = −0.25 eV, σ = 0.08 eV, qaF =
0.4σ, NL/Nc = 0.25, KC

0 = 1.76 GHz, KL
0 = 1.76 MHz, EF0 =

−0.8 eV, and λ = 0.6 eV. Also, a = 1 nm was used for the lattice
spacing. This implies that in eq 23 D0 = ν0a

2/6 = 0.33 × 10−2

cm2 s−1. Note that the values of a can be rescaled to fit specific
data without modifying the general behavior of the model. For
the simulation of diffusion, ν0 can be viewed as an adjustable
parameter that controls the time scale of the simulation.
However, as we will see in Section 3.5, this parameter, together
with the values of KC

0 and KL
0, has a very important role in the

simulation of recombination. The values of other parameters
are realistic, as can be found in literature.
Figure 3 shows the thermodynamic factor for the Gaussian

DOS. As can be seen, unlike the case of exponential DOS, this
factor is a function of the Fermi level. To obtain the
thermodynamic factor from the simulation, for each Fermi
level we numerically calculate the quantity

χ = ⟨ ⟩ ∂⟨ ⟩
∂

−⎛
⎝⎜

⎞
⎠⎟

n
k T

n
En

sim

B F

1

(49)

where ⟨n⟩ is the average of the density of occupied lattice sites.
In the organic polymers, the upper Gaussian usually does not
exist in the material. In this case, as indicated in the Figure 3,
thermodynamic factor will grow unlimitedly because of the
exhaustion of available empty sites, but in the presence of a
transport level, at high EF, the thermodynamic factor
approaches unity.
Results for the diffusion coefficient are shown in Figure 4.

First of all, it can be observed that the diffusion coefficient
obtained in the simulation, Dsim, is in excellent agreement with

the MT prediction DJ of eq 24. This confirms the statement
that the random walk diffusion coefficient is different from the
one that appears in Fick’s law. To check the validity of the
relation Dn = χnDJ, we also compute the product χn

simDsim. As
can be seen in Figure 4, this quantity also is in good agreement
with the MT prediction, Dn, of eq 23.

Figure 3. Thermodynamic factor versus Fermi level for the energy-
level alignment of Figure 2. The points are the Monte Carlo simulation
results, computed using eq 49, and the solid line is the theoretical
value for thermodynamic factor calculated with eq 8. Also shown
(dashed line) is the thermodynamic factor for the Gaussian
distribution, without the transport level (TL). In this case,
thermodynamic factor diverges at high Fermi level. See the text for
the parameters used in the calculation.

Figure 4. Diffusion coefficient versus Fermi level for multiple trapping
in the Gaussian DOS. The lines show the theoretical predictions for Dn
and DJ, calculated with eqs 23 and 24, respectively. The filled circles
(Dsim) show the random walk diffusion coefficient obtained in the
simulation. As can be seen, Dsim coincides with the jump coefficient,
DJ. Filled squares show the quantity Dsimχn

sim.. The results are in
agreement with the chemical diffusion coefficient Dn.
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As discussed in Section 2.2, there are two statements for the
generalized Einstein relation, eqs 7 and 12. Both statements
were verified in the simulations. We first computed the mobility
usim from the simulation. Then, using the simulation result for
diffusion coefficient in Figure 4, the ratio Dsim/usim was
calculated. The result of such calculation is shown in Figure
5. As previously mentioned, the simulations were done at 300

K. Thus, based on eq 12, we expect that Dsim/usim = 0.258 eV
for all Fermi levels. This prediction is indeed met, as plotted in
Figure 5 (filled points). Using χn

simDsim/usim, one can also test eq
7 (squares in Figure 5). Note that both curves in Figure 5 show
the validity of the generalized Einstein relation, at least for the
temperature and strength of the electric field studied here. Very
recently, simulations employing explicitly the hopping model
have also proved this validity.82 As discussed in Introduction,
recently Wetzelaer et al. argued that under the equilibrium
conditions the classical Einstein relation eq 9 is always
satisfied.37 Their conclusion was based on the assumption
that the generalized Einstein relation is linked to the ideality
factor (here, recombination factor) appearing in the diode
equation. However, based on the theory in Section 2.2, we saw
that the generalized Einstein is expressed in terms of the
thermodynamic factor and not the recombination factor. (See
also ref 83.) In fact, the results of the calculations in Figure 5
show that, even at equilibrium, if the thermodynamic factor
deviates from unity (when the distribution of the carriers is not
given by Boltzmann statistics), then the classical Einstein
relation will not hold, as it is well known in the literature of
semiconductors.
To complete the discussion, we have also compared the

lifetimes obtained from the simulations with theoretical
predictions of eq 25 and eq 27. Results are shown in Figure
6 for both linear and nonlinear recombination. As we expect,

random walk lifetime is equal to τJ and not τn. To see the
difference between the recombination rate in linear and
nonlinear recombination, one can compute the recombination
rate as

τ
= ⟨ ⟩

U
nsim
sim (50)

Using this rate, the recombination factor can also be computed
from the simulation. The results for the recombination rate and
the recombination factor are shown in Figure 7. In the
nonlinear recombination, at a fixed Fermi level, recombination
rate is larger than the linear one. Also, as can be seen in this
Figure, χr is not constant. For exponential DOS, also a similar
curve is obtained.58,84

3.5. Reaction-Limited versus Diffusion-Limited Re-
combination. In the MT model, there are opposite
dependences of Dn and τn with respect to the Fermi level
(suppose that τf is independent of the Fermi level), as can be
seen from the general relation eqs 23 and 25 for diffusion
coefficient and lifetime. Strictly speaking, the so-called
trapping−detrapping term, (1 + ∂nL/∂nc), affects Dn and τn in
the opposite directions. To explain this opposite behavior,
some authors suggested that the recombination process is
dif fusion-limited in DSCs: if the carrier transport becomes faster
when the Fermi level is increased, then the probability for an
electron to find a target to recombine is larger so that the
electron lifetime is reduced.85−88 This picture is also known as
transport-limited recombination. This problem has already been
well-discussed by Bisquert and Vikhrenko7 to interpret the
experimental result of Kopidakis et al.85 for time constants in
DSCs. They7 explained that in DSCs, where MT model has

Figure 5. Einstein relation for multiple trapping in the Gaussian DOS.
The filled circles show the Monte Carlo simulation results. For each
point we have done two separate simulations, one without the electric
field to calculate the diffusion coefficient Dsim and another one with
electric field to compute the mobility usim. As can be seen, results of
the simulation are in good agreement with prediction DJ/un = kBT/q =
0.258 eV, eq 12. The dashed line and the filled squares show the other
statement of the generalized Einstein relation, that is, eq 7. Note that
both sets of data justify the generalized relationship.

Figure 6. Lifetime versus Fermi level for recombination in the
Gaussian DOS. The points show the lifetime obtained from the
simulation. As can be seen, for both the linear and nonlinear
recombination, random walk simulation lifetime coincides with the
jump lifetime, τJ, and not with the small perturbation lifetime, τn. In
nonlinear recombination, at low Fermi level, lifetime is lower than the
linear one because recombination is also possible from the localized
states. At higher Fermi level, linear and nonlinear recombination
become equal because at these Fermi levels the main contribution to
the recombination is due to the recombination from the transport
level.
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been a successful model, the recombination is reaction-limited.
We discuss this problem in this section.
Note that for derivation of the lifetime definition, eq 15, we

wrote the continuity equation for a homogeneous Fermi level;
therefore, we could ignore the diffusion term. As a result, the
trapping−detrapping term has entered into the lifetime
expression, eq 25, irrespective of the form of the diffusion
coefficient. In other words, as shown schematically in Figure 8a,
the traps directly affect the time constant of the recombination.
In addition, when τf is a function of Fermi level (nonlinear
recombination), the change of the lifetime with Fermi level is
not just the inverse of the change in the diffusion coefficient.
This shows that τn ∝ 1/Dn in the linear recombination is merely
due to the trapping−detrapping and not because of the
diffusion-limited recombination.
It may be argued that diffusion coefficient can influence the

lifetime via D0: with a larger D0, carriers will move with a higher
speed and therefore can find a target for recombination more
rapidly. This issue has been clearly shown in Figure 8b. We
note that in DSCs, for a nanoparticle of radius of 10 nm, the
time for the carriers to reach the surface is much shorter than
the recombination time.7 Therefore, carriers may meet the
surface numerous times before they actually recombine. As a
consequence, it is merely the surface-to-volume ratio that plays
an important role in the recombination rate and not the speed
by which carriers reach to the surface. This is just the reaction-
limited regime. In contrast, in the diffusion-limited regime, the
carriers most likely recombine upon their first encounter with
the surface; therefore, the transport speed will be the main
determining factor in the lifetime. (See refs 89 and 90 and
references therein.)
To justify this subject, we did simulations at a fixed Fermi

level and with different values of D0. (See also ref 88.) As
previously explained, D0 = ν0a

2/6. Therefore, we can simply
change the jump frequency ν0 to obtain an arbitrary D0. Results
of such simulation, for the linear recombination, are shown in
Figure 9. As can be seen in this Figure, at high jump frequencies

(small diffusion times) the total recombination rate, U, is
independent of ν0 (according to the Figure 8b, left), but in
contrast, at low ν0, U varies with ν0 (as suggested by Figure 8b,
right). Therefore, there is a clear transition between the
diffusion-limited and reaction-limited regime, as indicated in

Figure 7. Fermi level versus recombination rate. The points show the
simulation results, computed using eq 50. Solid lines are the theoretical
value, calculated with eqs 31−33 and 48. The slope of these curves
gives the quantity kBTχr. For linear recombination, χr =1. In the
nonlinear case, both the theoretical value and the simulation result for
χr are shown in the inset.

Figure 8. Reaction-limited versus diffusion-limited recombination. (a)
Right: In the diffusion-limited recombination, trapping−detrapping
factor in the lifetime relation comes from the diffusion coefficient. As
we discussed in the text, this is not the case that takes place in the
systems as DSCs. Left: On the basis of the discussion in the text, in
quasistatic approximation, trapping−detrapping factor can independ-
ently be obtained for both the diffusion coefficient and the lifetime. (b)
Left: Recombination events usually takes place in the interface that
separates the electron-conducting phase from the hole-conducting
one. As a result, for recombination, charge carriers should reach the
surface. When the recombination rate is very small, charge carriers
meet the interface numerous times. In this case. only the surface-to-
volume ratio is important and recombination is reaction-limited. Right:
in contrast, when the recombination is a fast process, charge carriers
recombine upon reaching the surface. Recombination in this case is
diffusion-limited, and transport speed, given by free electron diffusion
coefficient, determines the lifetime.

Figure 9. Recombination rate, U, versus the jump frequency, ν0.
Simulation was done at fixed Fermi level EF = −0.22 eV, and eq 50 was
used for calculation of the recombination rate. As can be seen,
depending on the ν0, recombination can be diffusion-limited or
reaction-limited. Physical difference between these two regimes has
been shown in Figure 8b. Inset: jump lifetime versus ν0. Note that
results of the simulation (filled circles) coincide with MT prediction,
eq 27 (solid line), only in the reaction-limited region.
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Figure 9. Note that in the diffusion-limited regime one cannot
simply write the continuity equation as eq 14, and hence MT
expression for lifetime eq 27 is not correct in this regime. To
emphasize this problem, we have also shown lifetime versus
jump frequency in Figure 9 and compared the results of the
simulation with the prediction of the MT model, eq 27. Note
that only in the reaction-limited regime do results of the
simulation coincide with MT prediction. We also noticed (not
shown here) that in the diffusion-limited regime, the value τ ×
ν0 is constant versus ν0. This means that in this regime τ ∝ 1/
D0. To conclude, note that by changing the charge-transfer rate
K(E) (while keeping ν0 fixed) one can also observe the
transition from the reaction-limited to the diffusion-limited
regime.

4. CONCLUSIONS
We have established a classification of different quantities that
characterize carrier transport and recombination in the
energetically disordered materials. It was found to be necessary
to distinguish carefully between two different forms of the
diffusion coefficient and lifetime: (i) small perturbation (or
collective) quantities, Dn and τn, and (ii) jump (or single-
particle) quantities, DJ and τJ. The former are the parameters
that appear in the continuity equation for a small perturbation
of the charge carriers and therefore can easily be measured in
the experiment, and the latter are those that are related to the
behavior of the individual carriers, easily accessible in the
simulations. The connections between these two forms are
given by the thermodynamic factor χn and recombination factor
χr. In the case of the MT transport model, we also emphasized
several analogies between the diffusion problem and the
lifetime one. However, we discussed that despite these
similarities, in nanostructured photovoltaic systems such as
DSCs, diffusion coefficient and lifetime are independent of each
other and therefore recombination is a reaction-limited process.
We tested all of the parameters defined in the text by the
powerful tool of Monte Carlo simulation. We also showed that
the validity of the generalized Einstein relation in the case of
non-Boltzmann distribution of the carriers can be easily
demonstrated in the simulation.
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