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Capacitance analysis of P3HT:PCBM bulk heterojunction solar cells, in dark and under illumination,
shows a linear Mott–Schottky characteristic at moderate reverse bias, indicating p-doping of the organic
blend. The flatband potential under illumination is displaced negatively about 0.6 V with respect to dark
conditions. A basic photovoltaic model is developed to explain this, in terms of electron transfer via sur-
face states at the metal/organic interface. Surface states with a slow exchange kinetics, become charged
under illumination, unpinning the band and decreasing the depletion layer at the electron extraction con-
tact. This becomes a major factor limiting the performance of bulk heterojunction solar cells.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Bulk heterojunctions formed by an interpenetrating blend of an
optically active polymer and electron accepting molecules consti-
tute a very promising route towards cheap and versatile solar cells
[1]. The combination of poly(3-hexylthiophene) (P3HT) and [6,6]-
phenyl C61-butyric acid methyl ester (PCBM) in organic blends
has recently shown high photovoltaic performance [2]. P3HT dis-
plays a relatively high hole mobility (�10�4 to 10�3 cm2 V�1 s�1)
[3] and it was shown that P3HT:PCBM blends exhibit a remarkable
improvement of performance when annealed, due to better order-
ing of the polymer phase that enhances the hole conductivity [4,5].
Another important factor determining performance is the offset
between the polymer HOMO level and the fullerene LUMO level,
since that separation provides an upper limit to the photovoltage.
Studies indicate the formation of a dipole as large as 0.6 eV at the
interface between the two organic materials [6].

It is also recognized that P3HT can easily undergo p-doping
when exposed to air or moisture [7–10], the doping level being re-
lated to the oxygen concentration in the polymer film. The p-dop-
ing opens the possibility of the formation of a Schottky barrier at
the contact, which eventually may play an important role in carrier
extraction. Recently, we showed that such a barrier can be detected
by capacitance techniques in P3HT:PCBM blends [11], indeed a
typical Mott–Schottky characteristic (MS, linear C�2 vs. V) is ob-
served at reverse bias in the dark conditions. Previous studies
[12] have found the MS characteristic in P3HT and the relation to
the level of oxygen doping.
ll rights reserved.
It is well known that in a Schottky barrier the voltage across the
metal–semiconductor interface is divided in two contributions, the
space-charge region (SCR) in the semiconductor and the dipole layer
in the surface. The latter layer may consist of a thin oxide layer in
inorganic contacts [13,14] or a double layer in semiconductor–elec-
trolyte contacts [15]. In general the dipole layer is characterized by a
constant capacitance. Since this capacitance absorbs part of the volt-
age, there is a shift of the conduction band energy at the interface,
implying that the barrier for electron transfer, as indicated by the
intercept of the MS plot, is less than the difference of work functions
between the contacting materials. Surface states at the metal semi-
conductor interface are known to determine many aspects of the
electrical behavior of the Schottky barrier [16–18]. First, surface
states produce a sheet of electrical charge that modifies the electro-
static equilibrium of the interface. In addition, surface states, lying
lower in energy than the conduction band states, often provide a
preferential kinetic path for electron transfer from the semiconduc-
tor to the contact material. An important effect of the presence of
surface states was observed in the photoelectrochemistry of semi-
conductor electrodes [15,19–21]. Under illumination, the concen-
tration of minority carriers increases at the contact, with respect
to the dark conditions. Thus at the same external voltage, the surface
state acquires more charge under illumination, and the flatband po-
tential determined from the MS plot changes [15]. In effect parallel
MS plots are observed at different illumination light intensities
[15,19–21]. Steady state models considering the band shift due to
the surface state occupancy have been formulated [19,22].

Continuing our previous research on MS analysis of organic
blends [11], we have analyzed the C – V characteristics of ITO/PED-
OT:PSS/P3HT:PCBM/Al solar cells both in dark and under
illumination and we observed a considerable (0.6 V) displacement
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Fig. 1. (a) Scheme of a BHJ solar cell showing the space-charge region, a dipole
layer, and a surface state at the metal/organic interface. Symbols are defined in
Table 1. On top is shown the photogeneration profiles for illumination both from
barrier and from the neutral sides. (b) The capacitances of dipole layer and SCR. (c)
Steps of electron extraction through surface states.
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of the MS plots under illumination with respect to the dark charac-
teristic, which slowly decreases again to its previous value in dark
when the light is turned off. This will be interpreted in terms of the
properties of the P3HT:PCBM-Al contact, and we propose that sur-
face states at the metal–organic interface introduce important ef-
fects determining the kinetics and energetics of the electron-
extracting contact of the solar cell. In Section 2 of this paper we for-
mulate a model for steady state conditions of the solar cell that is
able to explain the modification of the barrier under illumination.
The model is based on a well known approach, i.e. the Gärtner
model [23] that combines diffusion of minorities in the neutral
zone and complete collection at the SCR. The flux of minority car-
riers at the interface is coupled to the kinetics of the interfacial sur-
face states [24]. However, a number of factors are taken into
account for the suitable application of the model in organic blends:

(a) The kinetics of charge transfer at the metal–organic interface
is described in terms of an injection model recently devel-
oped for luminescent organic devices [25–28]. This model
is already based on the idea of the displacement of a surface
state (mediating charge transfer across the interface) as a
function of bias, and has given very good results for describ-
ing capacitance characteristics at forward bias.

(b) In order to characterize in detail the photovoltaic properties
of the organic blend, the model must describe self-consis-
tently the relationship of charge in the surface state to the
potential distribution in the dipole layer and the SCR [18,29].

(c) Since the photoactive region is usually very thin, one to a
few hundred nanometers, specific boundary conditions are
used to solve the diffusion–generation recombination equa-
tion in a spatially restricted photoactive layer.

(d) In classical photoelectrochemical systems the SCR usually
receives direct illumination and forms the main charge collec-
tion interface. In organic P3HT:PCBM solar cells, so far doping
is an uncontrolled process and it was found [11] that the dom-
inant barrier is at the opaque electrode, the P3HT:PCBM-Al
contact. For generality, we derive the model for illumination
from either side of the solar cell. If the light is predominantly
absorbed in the neutral region of the semiconductor, charge
collection relies on a long diffusion length of the separate
charge carriers, as in dye-sensitized solar cells [30,31].

By combining these elements, we provide a model for carrier
generation, collection, and transference across the interface, that
emphasizes the importance of recombination due to limitations
of charge-transfer kinetics [24], and allows to predict the energet-
ics of the barrier in any set of conditions of applied voltage and
photon irradiation. Section 3 provides the methods of preparation
and measurement of the organic blends, and Section 4 presents the
experimental results as well as the discussion in terms of the pro-
posed mechanism.
2. Model

2.1. Energetics

The energy diagram assumed in the model is shown in Fig. 1a,
and a list of the symbols used is given in Table 1. The barrier in
the SCR is included in the model as the potential drop Vsc. In addi-
tion we assume a potential drop Vd at the dipole layer at the metal/
organic interface. In terms of local values of the electrostatic poten-
tial (/), we have

V sc ¼ /s � /sc;b ð1Þ
Vd ¼ /m � /s ð2Þ
The built-in potential is

Vbi ¼ /sc;b;eq � /m;eq ð3Þ

And the applied potential is

V ¼ /m � /m;eq � ð/sc;b � /sc;b;eqÞ ð4Þ

Combining Eqs. (1)–(4) we obtain

V ¼ Vbi þ Vd þ V sc ð5Þ

On the other hand we have in terms of Fermi levels

EF1 � EF0 ¼ �qV ð6Þ

and EFp ¼ EF0. The size of the depletion layer in the semiconductor is

w ¼ w0V1=2
sc ð7Þ

where

w0 ¼
2e

qNA

� �1=2

ð8Þ

Here e ¼ ere0. The capacitance of the depletion layer is

Csc ¼
e

w0V1=2
sc

ð9Þ

The capacitance in the dipole layer Cd is assumed constant.
Since the surface state at fractional occupancy h obtains a charge
NIqh, the electrostatic equilibrium across the interface consists of
two capacitors in series with excess charge in the central plates
(see Fig. 1b) [18,29], hence



Table 1
List of symbols used in the text

q The positive elementary charge
kBT The thermal energy
EF0 The equilibrium Fermi level [0 eV]
EF1 The Fermi level in the metal
EFn The quasi-Fermi level of electrons
EFp The quasi-Fermi level of holes
w Width of the depletion layer
V The potential applied at the barrier contact
Vd The potential drop across the dipole layer
Vsc The potential drop across the organic layer (bandbending)
Vbi The built-in potential [�0.4 eV]
/ The local potential
/m The local potential in the metal
/s The local potential at the metal/organic interface
/m The local potential in the metal
e Dielectric constant of the organic layer
er Relative dielectric constant of the organic layer [3]
e0 Permittivity of vacuum [8.85 � 10�14 F cm�1]
C0 Low-frequency capacitance
Cd Capacitance of the dipole layer [2 � 10�7 F cm�2]
Csc Capacitance of the depletion layer
Dn Electron diffusion coefficient [2 � 10�5 cm2 s�1]
Ln Electron diffusion length [300 nm]
a Light absorption coefficient [5 � 10�3 nm�1]
U Incident photon intensity [0, 1015 cm�2 s�1]
Ec The LUMO in the organic conductor
fc Deepness of the bulk Fermi level for electrons in equilibrium, with respect to

Ec

Nc The total density of states (per unit volume) in the bulk LUMO [1021 cm�3]
NA The acceptor doping density in the organic layer [5 � 1016 cm�3]
n Electron density
n0 Electron density in equilibrium [1012 cm�3]
Jn Electron flux in the organic layer
I electrical current density
Et Energy of the interfacial level
DEt Deepness of Et, with respect to Ec [0.2 eV]
h The occupancy of the interfacial level
NI The total density (per unit area) of interfacial levels [1012 cm�2]
v12 The rate of transfer from metal to interfacial level
v23 The rate of transfer from interfacial to bulk level.
k12 The rate constant for transfer from metal to interfacial level [100 s�1]
k23 The rate constant for transfer from interfacial to bulk level [100 cm�3 s�1]
a1 The asymmetry factor for transfer from metal to interfacial level [0.1]
a2 The asymmetry factor for transfer from interfacial to bulk level [0.9]

In squares brackets are given the numerical simulation values used in Fig. 3.
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CdVd � CscV sc ¼ NIqh ð10Þ

Solving Eqs. (5), (9), and (10) we obtain an expression for the
potential across the dipole layer in terms of V and h:

Vd ¼ �ðe2=w2
0 � 2CdNIqhÞ

�
þ ½ðe2=w2

0 � 2CdNIqhÞ2 � 4C2
dðN

2
I q2h2

�e2ðV � VbiÞ=w2
0Þ�

1=2
o.
ð2C2

dÞ: ð11Þ
2.2. Minority carrier generation and dynamics in the organic layer

For the photovoltaic model we use the standard approach that
assumes diffusion–recombination–generation in the quasi-neutral
region and collection of all the photogenerated minorities in the
SCR (no recombination and flat Fermi level) of the organic layer
[23,32,33]. Here we discuss the case of illumination from the bar-
rier side, which gives Gärtner’s model as a limit, and the correspon-
dent formulas for illumination from the neutral side (see Fig. 1a)
are given the Appendix A.

For w 6 x 6 L we have

o2n
ox2 �

n� n0

L2
n

þ aU
Dn

e�ax ¼ 0 ð12Þ

However, instead of the standard boundary condition (n = n0 at x =
1), considering the limited thickness of the organic layer, we as-
sume a reflecting boundary for electrons at the contact to the neu-
tral region

on
ox

����
x¼L

¼ 0 ð13Þ

Eq. (13) is supported by impedance spectroscopy measure-
ments that show the correspondent spectra [34] and will be re-
ported elsewhere. The solution of Eqs. (12) and (13) is

n ¼ n0 þ R cosh
x�w

Ln

� �
þ S sinh

x�w
Ln

� �
þ cne�ax ð14Þ

where

cn ¼
L2

naU

Dnð1� L2
na2Þ

ð15Þ

R ¼ nðwÞ � n0 � cne�aw ð16Þ

S ¼ aLncne�aL

cosh yL
� R tanh yL ð17Þ

yL ¼
L�w

Ln
ð18Þ

The electron flux at the edge of the SCR is

JnðwÞ ¼ �Dn
on
ox

��
x¼w
¼ Dn

Ln
ð� aLncne�aL

cosh yL
þ R tanh yLÞ þ aDncne�aw ð19Þ

In the SCR (0 6 x 6 w) we have

oJn

ox
¼ aUe�ax ð20Þ

Integrating Eq. (20) we obtain

Jnð0Þ ¼ JnðwÞ þUðe�aw � 1Þ ð21Þ

The concentration of electrons at both edges of the space-
charge region is related by

nðwÞ ¼ nð0Þe�qVsc=kBT ð22Þ

Inserting Eqs. (16), (19), and (22) in (21) we obtain the relation be-
tween electron flux and concentration at the edge of the organic
layer:

Jnð0Þ ¼ �Jg þ
Dn

Ln
tanh yL nð0Þe�qVsc=kBT � n0

� �
ð23Þ

Jg ¼ U 1� e�aw þ L2
na2

1� L2
na2

e�aL

cosh yL
� 1

Lna
tanh yLe�aw � e�aw

� �" #

ð24Þ

Let us consider some simplifications of this model. If the metal/
organic interface is reversible to electrons ðEF1 ¼ EFnð0ÞÞ [31] and if
we assume that Vd = 0 then

nð0Þ ¼ n0e�qVbi=kBT ð25Þ

Hence Eq. (23) gives the diode model

Jnð0Þ
ðrevÞ ¼ �Jg þ

Dnn0

Ln
tanh yL e�qV=kBT � 1

� �
ð26Þ

In the particular case in which L� Ln, we obtain

Jnð0Þ
ðrev;1Þ ¼ �Jð1Þg þ Dnn0

Ln
e�qV=kBT � 1
� �

ð27Þ

Jð1Þg ¼ U 1� 1
1þ Lna

e�aw

� �
ð28Þ

Eq. (27) then gives Gärtner’s model [23]. However, in order to
explain the shift of MS plots under illumination with respect to
their value in the dark, we assume that the electron transfer at
the interface is kinetically limited by a surface state that becomes
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charged by photogeneration [15]. This is the next piece of the mod-
el that we describe in the following paragraph, and it will be cou-
pled with the general expression for the electron flux at the
interface, Eq. (23).
2.3. Transfer of electrons at the metal/organic interface

The model of carrier transfer at the metal–organic interface has
been described in previous publications [25–27]. The injection
from the metal Fermi level (EF1) to the organic conductor LUMO
(Ec), or viceversa, occurs sequentially, via interface states with
energy

Et ¼ Ecð0Þ � DEt ð29Þ

and fractional occupancy h, see Fig. 1c. However, in the previous pa-
pers [25–27], the potential in the dipole layer was assumed to vary
linearly with the applied voltage, for simplicity. Here, a new devel-
opment is that we consider self-consistently the electrostatic condi-
tions at the interface as described in Eq. (11).

Since the trap level Et varies when Vd changes, we need to deter-
mine Et as a function of voltage. First we note from Fig. 1a

Ec ¼ EF0 þ fc � qð/� /sc;bÞ ð30Þ

being

fc ¼ kBT lnðNc=n0Þ ð31Þ

Therefore,

Ecð0Þ ¼ EF0 þ fc � qV sc ð32Þ

Hence

Et ¼ EF0 þ fc � qV sc � DEt ð33Þ

We obtain

Et � EF1 ¼ q Vbi þ Vdð Þ þ fc � DEt ð34Þ

On the other hand, for the electron density in the organic layer
we have

n ¼ Nce� Ec�EFnð Þ=kBT ð35Þ

Therefore the position of the electron Fermi level in the SCR is

EFn ¼ EcðwÞ þ kBT
n0

Nc
þ Ln

Dn tanh yL
ðJnð0Þ þ JphÞ

� 	
ð36Þ

The rate of charge transfer between the metal and interfacial
states is given by the expression [25]

J12 ¼ NIk12fð1� hÞA� hBg ð37Þ

where

A ¼ exp a1 � 1ð Þ Et � EF1ð Þ=kBT½ � ð38Þ
B ¼ exp a1 Et � EF1ð Þ=kBT½ � ð39Þ

Note that the argument of the exponent in these two equations
is determined by Eq. (34). Similarly, the rate of charge transfer be-
tween the interface level and the bulk organic material is

J23 ¼ NIk23fNchC � nð0Þð1� hÞHg ð40Þ

where

C ¼ exp �a2DEt=kBT½ � ð41Þ
H ¼ exp 1� a2ð ÞDEt=kBT½ � ð42Þ

It should be remarked that Eqs. (38) and (39), and separately
Eqs. (41) and (42), respectively satisfy the detailed balance condi-
tions [25].
2.4. Solution of the model

In steady state we must have

J12 ¼ J23 ¼ Jnð0Þ ð43Þ

We solve J23 ¼ Jnð0Þ to eliminate n(0) and we obtain

Jnð0Þ ¼ NIk23

NcC � Ln
Dn
ð1� hÞHeqVsc=kBTð Jg

tanh yL
þ Dnn0

Ln
Þ

1þ NIk23
Lnð1�hÞHeqVsc=kBT

Dn tanh yL

ð44Þ

The condition J12 ¼ J23 is solved numerically for h(V). Inserting
this into Eq. (44), gives the (photo)current as a unique function
of the bias voltage V. The electrical current density is defined
I ¼ �qJnð0Þ. The low frequency capacitance does not contain a con-
tribution from surface states dynamics and is given by the
expression

C�1
0 ¼ C�1

d þ C�1
sc ð45Þ
3. Experimental

Cells with the structure ITO/PEDOT:PSS/P3HT:PCBM/Al were
built following the next procedure. The P3HT:PCBM (1:0.8, w/w)
solutions were prepared in pure good solvent (Dichlorobenzene)
and stirred for 48 h under N2 conditions. Photovoltaic cells were
fabricated under ambient conditions according to the standard de-
vice fabrication procedure [35]: first, a 40 nm thick poly(ethylene-
dioxythiophene):poly(styrene sulfonate) (PEDOT:PSS) layer was
spin coated onto a well-cleaned glass substrate covered with a
100 nm thick layer of indium tin oxide (ITO). Secondly, the photo-
active layer was fabricated by depositing the prepared solution via
spin coating. The resulting thickness of the photoactive layer was
around 120 nm. Finally, the devices were completed by the evapo-
ration of 80 nm Al back electrode at pressure lower than
10�6 mbar.

The impedance measurements, both in darkness and under illu-
mination of approximately 1.5 AM, were carried out in a high-vac-
uum chamber, that was integrated in an inert atmosphere
(<0.1 ppm O2 and H2O) glovebox. The capacitance measurements
were performed with an Autolab PGSTAT-30 equipped with a fre-
quency analyzer module at a fixed frequency of 1 kHz. Ac oscillat-
ing amplitude was as low as 10 mV (rms) to maintain the response
linearity.

The PV devices exhibited photoresponse behaviour when illu-
minated by a UV filtered halogen lamp typical for these materials
in the described device layout with Al cathodes, namely:
Voc = 0.39 V, Isc = 8.7 mA cm�2, FF = 42%.
4. Results and discussion

Results of the capacitance measurements of the ITO/PEDOT:PSS/
P3HT:PCBM/Al solar cell as a function of bias voltage are shown in
Fig. 2. The capacitance behavior is similar to that described previ-
ously [11]. At potential negative to the built-in voltage the C�2

characteristic is linear, following MS behavior. At further reverse
bias the organic layer becomes fully depleted and the capacitance
levels off to the geometric value. Above Vbi (flatband potential),
the capacitance decreases due to what we believe are limitations
to injection [11]. However, this domain is outside the scope of
the model described above and will not be considered further in
this work. Under illumination, the C�2 characteristic displays the
same behavior though the flatband potential is shifted negatively
by 0.6 V. The levels of p-doping extracted from MS analysis are
similar in both cases, light and dark, and are of the order of
5 � 1016 cm�3.



Fig. 2. Experimental plots of capacitance (1/C2) versus voltage in a ITO/PEDOT:PSS/
P3HT:PCBM/Al solar cell (effective area of 1.87 cm2), in dark and under illumina-
tion. The capacitance is measured at the frequency 1 kHz, with the indicated bias
voltage applied at the ITO contact. The dashed lines are linear fits in the portion
obeying Mott–Schottky behavior, with the parameters Vbi = 0.362 V,
NA = 3.85 � 1016 cm�3 (dark), Vbi = �0.215 V, NA = 5.08 � 1016 cm�3 (light).

Fig. 3. Numerical simulations of the photovoltaic model of generation–diffusion
limited by interfacial surface state kinetics discussed in the text, with parameter
values given in Table 1. Several quantities are shown for dark and under photon
irradiation with respect to voltage (negative to V defined in Fig. 1). (a) Current
density potential curve in semilog and (b) linear representation. (c) Occupancy of
the surface state, and potential drop across the dipole layer. (d) Capacitance in 1/C2

representation.
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As described in the Introduction, the shift of MS plots under
illumination is interpreted here as a result of band unpinning by
charging a surface state at the metal/organic contact. Following
the model of Fig. 1, under illumination, there is an accumulation
of minority carriers (with respect to dark conditions), which pro-
duces an increase of the quasi-Fermi level EFn and an additional
charge in the surface state. An important requirement for such
an additional charging is a slow kinetics of charge transfer through
the surface state [24]. The additional charge at the surface state
produces an increase of the voltage in the dipole layer, and a dis-
placement of the apparent flatband potential [15]. A similar inter-
pretation was mentioned also in Ref. [12].

These effects can be appreciated in model simulations shown in
Fig. 3 using the theory developed above in Section 2. Fig. 3a and b
shows current density-potential curves. The slow kinetics of elec-
tron removal from the metal/organic interface implies that the
curve under light conditions departs strongly from the ideal diode
model, Eq. (27), in which the photogeneration current is added to
the dark current. In contrast, the current at moderate voltage neg-
ative to Vbi, is severely limited [22], due to small size of the SCR
that increases the charge recombination. The significance of the
limitation to extraction has been already pointed out before
[9,36]. The model of Glatthaar et al. [9], although with a different
approach, already showed the kink in the I–V curve as found here
in Fig. 3b. Figure 3c shows the striking difference between the
surface state occupation in dark and illumination conditions, and
also the progressive increase of Vd, which occurs at the expense
of the depletion layer voltage, and therefore displaces the MS char-
acteristic by about 0.6 V, as shown in Fig. 3d.

The simulation in Fig. 3 provides a reasonable explanation of
the relevant trends observed in the experimental results, Fig. 2,
and indicate the significance of the surface states in energetics,
kinetics, and photovoltaic performance of P3HT:PCBM organic
blends. It is worth noting that crucial parameter values able to
reproduce the observed shift in the MS plot are the slow charge
transfer kinetics used in the simulations of Fig. 3 (k12 = 100 s�1,
and k23 = 100 cm�3 s�1). Fast values entail a collapse of the MS plot
under illumination into the dark characteristics. The deepness of
the surface state with respect to the LUMO level DEt has a linear
effect on the MS shift. In addition, the order of magnitude of the di-
pole layer capacitance Cd and that of the SCR Csc should coincide. In
case of Cd� Csc, the dipole layer absorbs the whole potential drop
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and the MS characteristic is not observable. Another determining
parameter is the electron diffusion length Ln. For high recombina-
tion cells Ln < 100 nm, the MS shift is still reproduced but the sur-
face state ability to be charged is limited. Other parameters have
been chosen in accordance to values usually reported.

We have not attempted a quantitative analysis of all the aspects
of the experimental results. Obviously, due to the complexity of
this kind of device the model contains a significant number of
parameters governing the operation of the solar cell. To asses this
fully a variety of experimental methods are required to extract the
diffusion length, the diffusion coefficient of minority carriers, etc.
This study is currently in progress in our laboratories. In addition,
the model of Section 2 may require extension in several well-
known aspects, e.g. recombination in space-charge region, distri-
bution in energy of the surface states [27], and recombination at
the surface state by hole capture.

5. Conclusions

A detailed analysis of capacitance characteristics in P3HT:PCBM
solar cells indicates a considerable displacement of the band under
illumination. A basic photovoltaic model accounting for the essen-
tial characteristics of the system indicates that surface states with
a slow exchange kinetics, become charged under illumination. This
modifies the energetics of the electron extraction contact and con-
stitutes a major factor limiting the performance of bulk hetero-
junction solar cells.
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Appendix A. Illumination from the neutral side

o2n
ox2 �

n� n0

L2
n

þ aU
Dn

eaðx�LÞ ¼ 0 ð46Þ

n ¼ n0 þ R cosh
x�w

Ln

� �
þ S sinh

x�w
Ln

� �
þ cneaðx�LÞ ð47Þ

R ¼ nðwÞ � n0 � cneaðw�LÞ ð48Þ

S ¼ � aLncn

cosh yL
� R tanh yL ð49Þ

JnðwÞ ¼
Dn

Ln
R tanh yL þ

aLncn

cosh yL

� �
� aDncneaðw�LÞ ð50Þ
Jnð0Þ ¼ JnðwÞ þUe�aL 1� eawð Þ ð51Þ

Jg ¼U

� e�aL �1þeawð Þþ L2
na2

1� L2
na2

tanhyL

Lna
eaðw�LÞ � 1

coshyL
þeaðw�LÞ

� �" #

ð52Þ
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